Abstract In this paper the double-sided TAYLOR's approximations are used to obtain generalisations and improvements of some trigonometric inequalities.
Introduction
Many mathematical and engineering problems cannot be solved without TAY-LOR's approximations [1] , [7] , [8] . Particularly, their application in proving various analytic inequalities is of great importance [6] , [12] , [16] , [17] . Recently, numerous inequalities have been generalized and improved by the use of the so-called doublesided TAYLOR's approximations [16] , [20] , [21] - [25] and [29] . Many topics regarding these approximations are presented in [29] . Some of the basic concepts and results about the double-sided TAYLOR's approximations presented in [29] , which will be used in this paper, are given in the next section.
In this paper, using the double-sided TAYLOR's approximations, we obtain generalizations and improvements of some trigonometric inequalities proved by J. SAN-DOR [15] . Statement 1 ([15] , Theorem 1)
for any x ∈ (0, π/2). Note that J. D'AURIZIO [10] used the infinite products as well as some inequalities connected with the RIEMANN zeta function ζ to prove the right-hand side inequality (1) .
for any x ∈ (0, π/2).
Inequalities (1) and (2) are reducible to mixed trigonometric-polynomial inequalities and can be proved by methods and algorithms that have been developed and shown in papers [12] , [17] and dissertation [30] .
In this paper, we propose and prove generalizations of inequality (1) by determining the sequence of the polynomial approximations. Also, an improvement of inequality (2) is given for some intervals. The proposed generalizations and improvements are based on the double-sided TAYLOR's approximations and the corresponding results presented in [29] .
An overview of the results related to double-sided TAYLOR's approximations
Let us consider a real function f : (a, b) −→ R, such that there exist finite limits
and the polynomial
are called the first TAYLOR's approximation for the function f in the right neighborhood of a, and the second TAYLOR's approximation for the function f in the right neighborhood of a, respectively. Also, the following functions:
are called the remainder of the first TAYLOR's approximation in the right neighborhood of a, and the remainder of the second TAYLOR's approximation in the right neighborhood of a, respectively.
The following Theorem, which has been proved in [5] and whose variants are considered in [2] , [3] and [4] , provides an important result regarding TAYLOR's approximations.
Theorem 1. ([5], Theorem 2) Suppose that f (x) is a real function on (a, b), and that n is a positive integer such that f
Supposing that f (n) (x) is increasing on (a, b), then for all x ∈ (a, b) the following inequality also holds :
Furthermore, if f (n) (x) is decreasing on (a, b), then the reversed inequality of (3) holds.
The above theorem is called Theorem on double-sided TAYLOR's approximations in [29] , i.e. Theorem WD in [21] - [25] .
The proof of the following proposition is given in [29] . 
for all x ∈ (a, b).
From the above proposition, as shown in [29] , the following theorem directly follows:
where c k ∈ R and c k ≥ 0 for all k ∈ N 0 . Then,
Main results

Generalization of Statement 1
Consider the function:
First, we prove that f is a real analytic function on [0, π). Based on the elementary equality:
1 − cos x cos
and well known power series expansions [9] (formula 1.411):
where E k are EULER's numbers [9] , for t = x 2 ∈ 0, π 2 , i.e. for x ∈ [0, π), we have:
f (x) = 
and any c ∈ (0, π) the following inequalities hold true:
for every x ∈ (0, c), where m, n ∈ N 0 .
Note that inequalities from Statement 1 can be directly obtained from (4), for c = 
Using standard numerical methods it is easy to verify: 
An improvement of Statement 2
Let β ∈ (0, π) be a fixed real number. Consider the function:
We prove that g is a real analytic function on
for x ∈ [0, β ], where
Since the functions g 1 and g 2 are real analytic functions on [0, β ], with the following power series expansions:
the function g must also be a real analytic function on [0, β ].
Also, from Theorem 2 the following results directly follow.
Theorem 4.
For all c ∈ (0, π) the following inequalities hold true:
for all x ∈ (0, c), where m, n ∈ N 0 .
Theorem 5. For all c ∈ (0, π) the following inequalities hold true:
Thus, from (5) First, for all x ∈ (0, π/2) the following inequalities hold true:
It is easy to check for all x ∈ [δ 2 , π/2], where δ 2 = 4 √ 3e 
Conclusion
In this paper, we showed a way to prove some trigonometric inequalities using the double-sided TAYLOR's approximations. The presented approach enabled generalizations of inequalities (1) i.e. produced sequences of polynomial approximations of the given trigonometric function f .
Note that Theorem 2 cannot be applied directly to inequality (2) because the function g has an alternating series expansion. We overcame this obstacle by representing this function by a linear combination of two functions whose power series expansions have nonnegative coefficients.
Our approach makes a good basis for the systematic proving of trigonometric inequalities. Developing general, automated-oriented methods for proving of trigonometric inequalities is an area our continuing interest [11] , [12] - [14] , [16] - [19] , [21] - [29] and [30] . 
